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Partitioning the Triples of Countable Ordinals and Morasses
Tadatoshi MIYAMOTO
Abstract
This study deals with the negative Remsey-type partition relation, established by P. Erdos and 
R. Rado in 1956, in which the triples of countable ordinals are painted in two colors, for example, 
blue and pink.
They proved that there was neither a homogeneous set in blue that was order isomorphic to 
the set of natural numbers together with two extra elements appended in succession nor a 
homogeneous set in pink that was order isomorphic to the set of natural numbers.  A 
homogeneous set in either blue or pink exists, and it is order isomorphic to the set of natural 
numbers together with one extra element appended.
In another development of set theory, in the 1980s, D. Velleman produced theories of 
simplified morasses to study connections between the combinatorial principles that hold in the 
constructible universe of K. Godel and forcing axioms.
In this paper, we present a new proof of the negative partition relation.  We use a simplified 
morass by D. Velleman.  This morass exists in ZFC, and therefore, the negative partition relation 
holds in ZFC.
Introduction
According to Ramsey, a partition relation ω ―→ (ω)22 holds.  Subsequently, by the Stepping-
up Lemma (in p. 90 of [EHMR], or in p. 136 of [HL]), we obtain ω1 ＝ (2 ω)+ ―→ (ω + 1)32 . 
However, according to [ER], ω1 ―/→ (ω + 2, ω)3 holds.  On the other hand, according to [V], a 
simplified (ω, 1)-morass exists in ZFC.  Using of the simplified (ω, 1)-morass, we construct a 
function C :[ω1]3 ―→ {0,1} such that
•  (no 0-homogeneous subsets of order type ω + 2) for any set H ∪{β, γ}⊂ ω1 where o.t.(H)＝ ω 
and H  β  γ, a finite subset F ⊂ H exists such that for any α ∈ H \ F, C ({α, β, γ}) ＝ 1.
•  (no 1-homogeneous subsets of order type ω) for any subset H ⊂ ω1 where o.t.(H)＝ ω,(α, β) 
exists such that α ∈ H, β ∈ H, α  β, and for any γ ∈ H with β  γ, C({α, β, γ}) ＝ 0.
According to [J], ω1 ―→ (ω + n, m)3 holds for all natural numbers n and m.  For 
constructions of counter-exmaples of partition relations by morasses and partition relations in 
general, see [EHMR], [HL], [K], [R], and [V].
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§1. Simplified (ω,1)-morass
We review simplified (ω,1)-morasses due to [V].
1.1 Definition.   ＝ (〈ni ｜ i  ω〉, 〈Fij ｜ i  j  ω〉) is a simplified (ω, 1)-morass, if the following 
hold.
(1) n0 ＝ 1, if i  ω, then ni  ω, and nω ＝ ω1.
(2) For all i  ω, there exists σi  ni such that ni+1 ＝ ni +(ni － σi).
(3) For all i  j  ω, Fij consists of order-preserving functions from ni to nj.
(4) (Commutative) For all i  j  k  ω, Fik ＝ Fjk ◦ Fij ＝ {h ◦ ɡ  ｜ ɡ  ∈ Fij , h ∈ Fjk} .
(5) (Splitting) For all i  ω, Fii+1 ＝ { idi, bi} , where
idi(x) ＝ x for all x  ni,
bi(x) ＝  
x,
ni + (x － σi),
 
if x  σi,
if σi  x  ni.
(6)  (Directed) For any f1 ∈ Fi1ω, f2 ∈ Fi2ω, there exists ( j, ɡ 1, ɡ 2, h) such that i1, i2  j, ɡ 1 ∈ Fi1j, 
ɡ 2 ∈ Fi2 j, h ∈ Fj ω , f1 ＝ h ◦ ɡ 1, and f2 ＝ h ◦ ɡ 2.
(7)  (Cofinal) For any α  ω1, there exists (i, x, f ) such that i  ω, x  ni, f ∈ Fi ω, and α ＝ f(x). 
In [V], it is proved in ZFC that a simplified (ω, 1)-morass exists.  We list important 
properties of simplified (ω, 1)-morasses that yield trees.
1.2 Lemma.  ([V]) Let  be a simplified (ω, 1)-morass.
(1) For any (α, i) such that α  ω1 and i  ω, there exists (x, f ) such that x  ni, f ∈ Fi ω, and f(x) ＝ α.
(2)  Let (i, j, f1, f2, x, y) be such that i  j  ω, f1, f2 ∈ Fij , x,y  ni, and f1(x) ＝ f2(y).  Then x ＝ y and 
f1「x + 1 ＝ f2「y + 1.  By this we mean that for all z  x ＝ y, we have f1(z)＝ f2(z).
By the above, the following is well-defined.
1.3 Definition.  Let  be a simplified (ω, 1)-morass.  For each (α, i) with α  ω1 and i  ω, 
we have a unique αi  ni such that there exists f ∈ Fi ω with f(αi)＝ α.
1.4 Lemma.  ([V]) Let i  k  ω and α  ω1.  Then there exists ɡ  ∈ Fik such that ɡ(αi)＝ αk.
Proof. Let f1 ∈ Fi ω with f1(αi) ＝ α. Let f2 ∈ Fk ω with f2(αk)＝ α.  Then there exists (ɡ , h) such 
that ɡ  ∈ Fik, h ∈ Fkω, and f1 ＝ h ◦ ɡ .  Hence f2(αk) ＝ α ＝ f1(αi) ＝ h(ɡ(αi)).  Hence αk ＝ ɡ(αi).
□
We review a tree extracted out of the simplified (ω, 1)-morass  .
1.5 Lemma.  ([V]) Let T ＝ {(i, x) ｜ i  ω, x  ni}.  For (i, x),( j, y) ∈ T, let (i, x)  T (j, y), if i  j 
and there exists ɡ  ∈ Fij such that ɡ(x) ＝ y.  Then (T,  T ) is a tree of height ω such that
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(1) For each i  ω, the i-th level Ti of this tree is {(i, x) ｜ x  ni}.
(2)  For each α  ω1, Bα ＝ {(i, αi) ｜ i  ω} is a branch through the tree (T,  T ) such that if α1 ≠ α2, 
then Bα1 ≠ Bα2.
§2. The Construction
Here is our construction.
2.1 Theorem.  There exists a function C :[ω1]
3 ―→ {0, 1} such that
(1)  For any H ∪ {β, γ} ⊂ ω1 such that o.t.(H ) ＝ ω and H  β  γ, there exists a finite set F ⊂ H 
such that for any α ∈ H \ F, C({α, β, γ}) ＝ 1.
(2)  For any H ⊂ ω1 such that o.t.(H ) ＝ ω, there exists (α, β) such that α ∈ H, β ∈ H, α  β, and 
for any γ ∈ H with β  γ, C({α, β, γ}) ＝ 0.
Hence the negative partition relation ω1 ―/→ (ω + 2, ω)3 holds.
Proof. By recursion on i  ω, construct Ci : [ni]3 ―→ {0, 1} such that for a ∈ [ni + 1]3
 　Ci + 1(a) ＝  
 Since [ni]
3 ∩ [rang(bi)]3 ＝ [σi]3 and bi「σi ＝ idi「σi, it follows that Ci + 1 is well-defined on [σi]3. 
This completes the construction of Cis.  Notice that C0 ＝ C1 ＝ 0.
Claim 1.  (Coherency)
(1) Let i  ω and a ∈ [ni]3.  Then Ci(a) ＝ Ci + 1(idi[a]) and Ci(a) ＝ Ci + 1(bi[a]).
(2) Let i  j  ω, f ∈ Fij, and a ∈ [ni]3.  Then
Ci(a) ＝ Cj( f [a]).
Proof. For (1): By definition.
For (2): By induction on j  ω (for all i  j ).  If i  j  j + 1, then Fi j +1 ＝ Fj j +1 ◦ Fij. Hence (2) 
follows from (1) inductively.
□
Let us define C : [ω1]
3 ―→ {0, 1} such that for any a ∈ [ω1]3
C(a) ＝ Ci( f－1[a]),








Ci(a),  if a ∈ [ni]3,
Ci(bi
－ 1[a]),  if a ∈ [rang(bi)]3,
1,  if ( ｜ a ∩ [ni, ni + 1) ｜ , ｜ a ∩ [σi, ni) ｜ , ｜ a ∩ σi ｜ ) ＝ (2, 1, 0),
0,  if ( ｜ a ∩ [ni, ni + 1) ｜ , ｜ a ∩ [σi, ni) ｜ , ｜ a ∩ σi ｜ ) ＝ (1, 2, 0),
0,  if ( ｜ a ∩ [ni, ni + 1) ｜ , ｜ a ∩ [σi, ni) ｜ , ｜ a ∩ σi ｜ ) ＝ (1, 1, 1).
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We observe that f  is well-defined.  First, since a is a finite set, there always exists (i, f ) such 
that i  ω, f ∈ Fiω, and a ⊆ rang( f ).  Next, let i1, i2  ω, f1 ∈ Fi1ω, f2 ∈ Fi2ω, a ⊆ rang( f1), and 
a ⊆rang( f2).  Then pick (i, ɡ 1, ɡ 2, h) such that i1, i2  i  ω, ɡ 1 ∈ Fi1i, ɡ 2 ∈ Fi2i, h ∈ Fiω, f1 ＝ h ◦ ɡ 1, 
and f2 ＝ h ◦ ɡ 2.  Then
Ci1( f
－1
1 [a]) ＝ Ci(ɡ 1[ f－11 [a]]) ＝ Ci(h－11 [a]) ＝ Ci(ɡ 2[ f－12 [a]]) ＝ Ci2( f－12 [a]).
Claim 2.  Let H ∪ {β, γ} ⊂ ω1 such that o.t.(H)＝ ω and H  β  γ.  Then there exists a finite 
set F ⊂ H such that for any α ∈ H \ F, C({α, β, γ}) ＝ 1.
Proof. Let ρ({β, γ}) be the least j + 1  ω such that there exists f ∈ Fj+1ω such that {β, γ} ⊆
rang( f ). Let F ＝ H ∩ rang( f ).  We observe that this F works.  Let α ∈ H \ F.  Let ρ({α, β, γ}) be 
defined similarly.  For a concise notation, let
ρ({β, γ}) ＝ j + 1, ρ({α, β, γ}) ＝ k + 1.
Claim 3.  j + 1  k + 1.
Proof.  To the contrary, suppose k + 1  j + 1.  Then k + 1  j + 1 holds.  To see this, suppose 
k + 1 ＝ j + 1.  Then we must have α ＝ f(αj+1) ∈ rang( f ).  This contradicts the choice of α. Let 
ɡ  ∈Fk+1 j+1, h ∈ F j+1ω such that h(ɡ (αk+1)) ＝ α and h(ɡ (βk+1)) ＝ β.  Then ɡ (βk+1) ＝ β j+1 and 
h「β j+1 ＝ f「β j+1.  Hence
α ＝ h(ɡ(αk+1)) ＝ h「ɡ(βk+1)(ɡ(αk+1)) ＝ f(ɡ(αk+1)) ∈ rang( f ).
This would be a contradiction.
□
Claim 4.  nk  γk+1.  Hence if j + 1  k, then f ＝ f
―
 ◦ bk ◦ f― for some f― ∈ Fj+1k and f
―
 ∈ Fk+1ω.  If 
j + 1 ＝ k, then f ＝ f
―
 ◦ bk for some f
―
 ∈ Fk+1ω.
Proof. To the contrary, suppose γk+1  nk.  Then αk+1  βk+1  γk+1  nk.  Hence ρ({α, β, γ})  k. 




nk  βk+1  γk+1  nk+1
σk  αk+1  nk.
Proof.  To the contrary, suppose βk  σk.  Then βk+1 ＝ bk(βk) ＝ βk.  Then αk+1  βk+1 ＝ βk  σk. 
Then ρ({α, β, γ})  k.  This would be a contradiction.  Hence σk  βk.  Hence nk  βk+1  γk+1  nk+1.
To the contrary, suppose α k+1  σk.  Then
bk({α k+1, βk, γk}) ＝ {α k+1, βk+1, γk+1}.
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Then ρ({α, β, γ})  k.  This would be a contradiction.
□
Claim 6.  Ck+1({α k+1, βk+1, γk+1}) ＝ 1 and so C({α, β, γ}) ＝ 1.
Proof.  By the definition of Ck+1 and C.
□
Claim 7.  For any H ⊂ ω1 such that o.t.(H)＝ ω, there exists (α, β) such that α ∈ H, β ∈ H, 
α  β, and for any γ ∈ H with β  γ, C({α, β, γ}) ＝ 0.
Proof.  Let (α, β) be such that α ∈ H, β ∈ H, α  β such that ρ({α, β}) is the least.  Pick any 
γ ∈ H such that β  γ.  We want to show that C({α, β, γ}) ＝ 0.  For a concise notation, let us write 
ρ({α, β}) ＝ i + 1 and ρ({β, γ}) ＝ j + 1.  Hence i + 1  j + 1 holds.
Claim 8.  i + 1  j + 1.
Proof.  To the contrary, suppose i + 1 ＝ j + 1.  Then nj  βj+1  nj.  This would be a contradiction.
□
Claim 9.  Cj+1({α j+1, β j+1, γ j+1}) ＝ 0.
Proof.  Either
αj+1  σj  βj+1  nj  γj+1  nj+1
or
σj  αj+1  βj+1  nj  γj+1  nj+1.
□
Claim 10.  C({α, β, γ}) ＝ 0.
Proof.  Let f ∈ Fj+1ω such that f({βj+1, γj+1}) ＝ {β, γ}. Let (h ◦ ɡ)({αi+1,βi+1}) ＝ {α, β}.  Then  
f(αj+1) ＝ α, as f「βj+1 ＝ h「βj+1 and as
f(αj+1) ＝ f(ɡ(αi+1)) ＝ h(ɡ(αi+1)) ＝ (h ◦ ɡ)(αi+1) ＝ α.
Hence
C({α, β, γ}) ＝ Cj+1({αj+1, βj+1, γj+1}) ＝ 0.
□
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□
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